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Abstract. We consider the quasi-periodic Jacobi operator H x ul in / 2 (Z) 

(H x ,u<P)(n) = -b( x + (» + + 1) - b(x + na>)ip(n - 1) + a(x + ruo)<f>(n) = E<j>(n), n e Z, 

where a(x), b(x) are analytic function on T , b is not identically zero, and ai obeys some strong Diophantine condition. We 
consider the corresponding unimodular cocycle. We prove that if the Lyapunov exponent HE) of the cocycle is positive 
for some E = Eq, then there exists po = po(a > b, a), Eq), /? = /?(«, b, ai) such that \L(E) - L(E')\ < \E - E'f for any 
E, E' e (Eq -po, Eq+pq). If L(E) > for all E in some compact interval / then L(E) is Holder continuous on / with a Holder 
exponent fi = fj(a, b, ai, I). In our derivation we follow the refined version of the Goldstein-Schlag method | GS | developed 
by Bourgain and Jitomirskaya |BJ1 . 



1. Introduction 
We consider the quasi-periodic Jacobi operator H X 0J in Z 2 (Z) 

(H XA ,(f>)(n) — —b(x + in + l)a>)(f>(n + 1) - b(x + nu)4>{n — 1) + a(x + noj)<f>(n) — Eip(n), n e 
where a(x), b(x) are analytic function on T, b is not identically zero. Set 

A (x,E,ai)=—^—( t X) ~ E "n W 
b(x + oj) \ b(x + cS) 

M N (x, E, cS) = M [hN] (x, E, oj) = A(x + (N - l)w, E, u>)A(x + (N - 2)lo, E,lo)-- -A(x, E, oj), 

Define the unimodular matrix 



As 



M N (x, E,a>) - M[ 1A/ ](x, E, a>) :- 
detA(x, E,tu) - 



| detM[i >A r](;c, E,cS)\i 
b(x) 



then 



b(x + co) ' 

n X 1 b(x + nco) b(x) 

tz — — ^— = ' T , 

b(x + (n + 1)oj) b(x + Nco) 



n=0 



and 

(1.2) log||*ri iW] (*,£,<u)||=log||ilfri M (x,£,w)||-ilog| ^ 



2 b(x + Noj) 
Remark 1. 1. (1) Note that 

C(a, b, E) 
\\A(x,E,oj)\\< ' , 

\b(x + co)\ 

where the constants C(a, b, E) obeys C(a, b, Eq) = sup| £ | <£|) C(a, b, E) < +co. Therefore 

1 1 N 

- log \\M [im {x, E, co)\\ < log C(a, b^)--^ log \b(x + nco)\. 

n=l 
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In this paper we always assume that \E\ < Eq, where Eq depends on a, b. For that matter we suppress E from 

the notations of some of the constants involved. 
(2) log \\M\\^]{x, E, cu)\\ > 0, since My\^{x, E, to) is unimodular. 
(3) 

< ^log||M [1 , W] (x, J B, w )|| = ilog||M [1 , W] (x, J B,w)||--i-log l hU) ' 



N L , J N °" 1 ' J 2N °b(x + Nto) 

N 



< log C(a, b,E)-±- V log \b(x + ncj)\-^- log | — -f 
A* 2N b(x + 



b(x) 
b(x + Nto) 



(4) It is well-known fact that if b is analytic function which is not identically zero then (log \b\) is integrable. Set 

D= I log\b(0)\d6. 
Jt 

Therefore 

f -log\\M llM (x,E,co)\Ux= f \-\og\\M {xm {x,E,co)\\dx<C'{a,b)-D-.= C"{a,b). 
Ji w I Jt " 

Similarly 

f (- log \\M N (x, E, to)\\) 2 dx < C(a, b). 
Jt N 

(5) Combining (4) with ( 11.21 . we concludes that ^ log ||M[iaij(x, £, w)|| is integrable, and 

~ f log||Afiv(x,£,w)||^= ^ f log||X# w (*,£,<u)||dx. 
" Jt M Jt 



Set 



L w (£,co) = -j- f lDg||^(x,£,ft>)|kfa=- f log||Xfer(*,£,<u)||£fa. 
Jt jV Jt 



Note that L N (E, to) > 0. Set 

a(x) - E -b(x) 



and 
Then 



B{x,E,to) := , , ,, 
1 b(x + to) 

T N (x, E, to) = T [UN] (x, E,to):= B(x + (N - Y)to, E, to)B(x + (N - 2)to, E,to)--- B(x, E, to). 



M [um (x,E,to) = T [um (x,E,to) ff — 

1 A, b(x + (n + l)a») 



\b(x + Nto)p 

(1.3) M [UV] (x,£,w) = Li r ^M [ i, JV] (x >J E > w) 

|i(jc)|s 

+ r=T 1 



7ri «i(x, £, w), 



|&(jc)]3 A = l + (n + l)co) 



(1.4) \\M [UN] (x,E,tj)\\ = f~f l - r \\T [hN] (x,E,co) 

„ = q \b(x + nto)b(x + {n + l)w)|2 



and 



1 2V_1 

(1.5) log ||M [1;W] (x, £, w)|| = log ||r [1A] (jr, E, cj)\\ - - V log |ft(jt + bw)^ + (« + l)w)| 

2 «=0 
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Note also for the future references that 

2V-1 

(1.6) \detT llN] (x,E,oj)\ = |~[ \b(x + ncS)\\b{x + (n + l)w)|. 



Combining (11.5b with Remark fTTTl one concludes that ^ log HTp^f^:, E, (l>)\\ is integrable, 

(1.7) ME,co):=- \\og\\T[ X>m {x,io)\\dx=L N (E,<J) + D. 
Due to the subadditive property, the limits 

(1.8) L(E,aj) = lim f — \og\\M N (x,E,cu)\\dx = lim f — log\\M N (x,E,cj)\\dx 

= lim L N (E,aj), 

N—>co 

(1.9) J(E,Lo)=\im [ — \og\\T N (x,E,u)\\dx = lim J N (E , a)) = L(E , cu) + D 

exist. Moreover, L(E,a>) > 0. Fix some a > 1. Throughout this paper we assume that co e (0, 1) satisfies the 
Diophantine condition 

(1.10) \\noj\\> CoJ for all n. 

«(log n) a 

It is well known that for a fixed a > 1 almost every w satisfies ( 11.1 0b - 
The main theorem in this paper is 

Theorem 1.2. Assume L(Eo) > 0. Then there exists po > depending on a(x),b(x),oj and Eq such that for any 
E, E' e (£0 - Po, Eq + po) holds 

\UE) - UE')\ = \J(E) - J(E')\ <\E- E'f, 
where the constant B here depends on a(x), b(x), lo, i.e. B = B(a, b, u), but does not depend on Eq. 

2. Large Deviation Theorem 

It is convenient to replace a(x),b(x) by p(e(x)) and q(re{x)) (with e(x) = e 2mx ), where p(z), q(z) are analytic function 
in the annulus A p — {z e C : 1 - p < \z\ < 1 + p] which assume only real values for \z\ - 1 . With this convention in 
place, we will use the notation B(z), 7"[i,w](z) e.t.c. 



p(z) - E -q(z) 
q(ze(cj)) 



< C, where C — C(p,q), and C(p,q) is the 



Lemma 2.1. (1) sup zeA \\B(z)\\ = sup z6A 

same as in (1) of Remark \l.l\ 
(2) sup^ \\B-\z)\\ < 

Proof. (1) is obvious; 

(2)detB( Z ) = q(ze(co))q(z), and B~\z) = ( _ ?( ° (fi))) E j that implies (2). [ 

So 

Lemma 2.2. For any zeAc, 

(2.1) -C l {p,q) + \og\q(z)q(ze(a>))\ < \og\\T [hN] (z)\\-log\\T [hN] (ze(aj))\\ < Ct(p, q)-log \q(ze((N- l)(o))q(ze(NcS))\. 



4 KAI TAO 

Proof. T [hm (ze(a>)) = B(ze(Nco))T [hN] (z)B-\z),so \\T [UN] (ze(c))\\ < C(p, q)\\T [hm (z)\\ lq ^ (ojW 
=* log \\T [hN] (ze(oj))\\ < 2 log C(p, q) + log \\T [UN] (z)\\ - log \q(z)q(ze(co))\. 

Similarly, we have 

log \\T [hN] (z)\\ < 2 log C(p, q) + log \\T [hN] (ze(oj))\\ - log \q(ze((N - \)co))q{ze{Nu))\. 

Thus 

-C, + log \q{z)q{ze{oS))\ < log ||r [liJ¥] ( Z )|| - log \\T [im (ze{oS))\\ < Ci - log | 9 (ze((iV - l)w))<z(ze(AM)l, 
where Ci = C\(p,q). 
Corollary 2.3. (1) 



-kC x +Y}og\q{ze{{m + \)oj))q{ze{{m)oj))\ < log \\T lUN] (z)\\ - \og\\T {im {ze{koS))\\ 

m=Q 

k-l 

<kCi-Y log \q(ze((N + m- l)co))q(ze((N + m)oj))\ 



m=0 



(2) 



-Kd + J] ^— - log | 9 (ze(*w))9(ze((* + l)«»))l < log \\T [UN] (z)\\ - j J] log H^i^^CM)!! 



yfc=0 

Proof. (1) is obvious; 
(2)For 1 < Jt < 

— ^ + X k l0g l<?(ze((m + ^M^K™)"))! ^ ^ log||r [1M (z)|| - - log \\T [hm (ze(k(o))\\ 

m=0 

A:Ci v4 1 

< — - 2j J 1o 8 + m - l)^))9(ze((iV + m)w))|. 



As 



and 



then 



Also 



k-l 
m=0 

X ifc-1 

ifc=l m=0 " fc=0 



X *-l j R _ k 
YjYjK l ° g lq(Ze((m + i^M^")^))! = Z ^ l0g l<?(Ze((fe + 



*=1 * k=\ 



log ||r [1JV] (z)ll - J] j log > -ATCi + 2 ^4 log |9(ze((* + \)oS))q(ze{{k)oS))\. 



k=l k=0 



log \\T [hN] (z)\\ ~ J] j log lir^j^M)!! < A-Ci - £ log |rfze((* - 1 + N)<o))q(ze((k + N)a>))\. 



k=\ k=0 
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Lemma 2.4. Let u : Q. — » R. be a subharmonic function on a domain Q c C. Suppose that dQ. consists of finitely 
many piece-wise C 1 curves. There exists a positive measure p onQ. such that for any £l\ <= £2 (i.e., £l\ is a compactly 
contained subregion ofQ.) 



(2.2) u(z)= f log\z-{\dp(0 + h(z) 

Jn, 

where h is harmonic on Q,i and p is unique with this property. Moreover, p and h satisfy the bounds 

(2.3) M^i) < C(Q, Oi)(supw - supt<) 

a. n, 

(2.4) \\h - sup«||t»(n 2 ) < C(Q, Qi,Q2)(supM - supM) 

n, n n, 

/or any Q2 Qi. 

For the proof See Lemma 2.2 in [GS1]. 

Theorem 2.5. Let u be a subharmonic function defined in the annulus A p . Suppose furthermore that \u(z)\ < 1. 77zen 
for any 1 — j<r<l + j 

n 

(2.5) mes ({x : | ^ u(re(x - ku))) - n < u(re(-)) > \ > 5n}) < e\p(-c6n + s n ), 

k=l 

where < u(re(-)) >:— C u(re(y))dy, s n < C(logn) A for general n and s n < Clogn if n — qjfor any j. 

For the proof see Theorem 3.8 in [GS]. 

Remark 2.6. (1) The constants c, C here do not depend on 5. 

(2) Actually, the condition \u(z)\ < 1 can be replaced by u(z) = J log|z - (\dp(0 + /z(z),wifh ||ju|| + \\h\\ < C, see 
the proof of Theorem 3.8 in [GS] 

In what follows we will use the following version 

Theorem 2.7. Let u be a subharmonic function defined in the annulus A p . Suppose furthermore that u(z) = / log \z — 
£\dp(0 + h(z), with yu(Afi) + \\h\\ L ~ {A ^ < C. Then for any 1 - § < r < 1 + § 

n 

(2.6) mes {{x : | ^ u(re(x + ku))) - n < u(re(-)) > \ > 6n}) < exp(-cdn). 

k=i 

where c — c(C, cS). 

Set un(z, E, to) = log \\T N (z, E, io)\\, u N (z, E,cj) = ^ log \\M N (z, E, cu)\\. Sometimes we use u N (z) or u N for short. 
It is also the same for Un(z, E, ai). Let L^ r (E) -< 2#(re(0) >, D r -< log \q(re(-))\ >, J^ >r {E) -< u^{re(-)) >- 
L^ r (E) + D r . For r — 1 we use the notations L^{E), D, Jn(E). 

Lemma 2.8. Function Wjv(z) is subharmonic in A p and obeys u^(z) < C(p, q). 

Proof. Since B(z) is analytic in A p , so is 7V(z). Therefore u^{z) - jj log is subharmonic in A p . The estimate 

Un(z) < C(p, q) follows from Lemma [2~T| □ 

sup u N (e(x)) > -C2(q). 

xeT 



Lemma 2.9. There exists C2(q) < +°° s.t. 



Proof. One has ||A|| 2 > | det A] for any 2x2 matrix. So 

N-l 



u N (z) > ^- log I det T N (z)\ = ^- ^ log \q(ze(naj))q(ze((n + l)(o))\, 

«=0 
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see jl.6\ . Recall that log \q(e(x))\ is integrable. So, | log \q(e(x))q(e(x + cj))\ is integrable. So, 

dx — Ci(q) < +00. 



(2.7) f\^log\q(e(x))q(e(x + co))\ 

Therefore 

r 1 ^ 

c/x < C2(<?) < +°°. 



log |g(e(.x + nu>))q(e(x + (n + 1)cd))\ 



n=0 

Hence, 

N-l 



SU P TTr y, lo § + nu>))q(e(x + (n + 1)cj))\ > -C 2 (q). 



2^V n=Q 



Lemma 2.10. One has 

u N (z) = j log \z - IMniO + Kz), 

where 

p(Ar) < C 3 (p,q), \\h\\ L - (Ap) < C 3 (p,q). 

2 

Proof. The statement follows from Lemma [2~8l 12.91 and ( 12. 3K i2A\ . 
Remark 2.11. By (12.7b . we have 

1 

sup - log |^(re(x))^(re(x + oj))\ > -C 2 (q). 



Then by Lemma l2~9l and (12.31 1. (12.41 i. one has 

1 

2 



^ log | ? (re(x))^(re(x + cS))\ = j log |z - CWqiO + h q (0, 



where 

A%(Ae) < C„ ||/j|b» We ) < C 9 . 

2 2 

By Theorem l2.7l and Lemma 12.101 we have 
Lemma 2.12. For any l-f<r<l + |, S and K, 

K 

(2.8) mes ({x : | V « A i(re(x + few)) - A" < « w (re(-)) > I > < exp(-c&ST), 

k=l 

where c = c(p, q, to). 

Remark 2.13. (1) By Remark |2.11| and Theorem |2.71 also for any 1 — j<r<l + j, 6 and K 

^ 1 1 
mes ({x : I > - log \q(re(x + ktu))q(re(x + (k + l)w))| - A" < - log |^(re(;c))^(re(x + co))\ > \ > 6K}) < exp(-c q 8K). 

k=i 2 2 

(2) It is well-known that J^' |log |g(re(jt))|| dx < C' q , for any 1 — |<r<l + ^,if b(x) is analytic. 

(3) Due to dl.5t one has 



u N (re(x)) = u N (re(x)) - — V log \q(re(x + kLo))q(re(x + (fe + l)w))|. 

Hence, 

A' 

mes {x : | ^ u^(re(x + few)) - K < u^{re(-)) > \ > 5K) < exp(-cSK) + K exp(—c q 6K). 
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What's more, there exists K = K(p, q, 6), s.t. for any K > K, 

K 

mes \x : | ^ u^{re{x + kcS)) - K < 5/v(re(-)) > I > 6K) < exp(—c6K). 



k=\ 



Lemma 2.14. For any l-j<r<l + j,d and K 



V-i K-k 

mes {{x : | ) log \q(re(x + kco))q(re((x + k+ l)w))| - (K + l)D r \ > SK}) < K exp(-c C] 6K), 



k=0 



K 



where c q is as in Remark \2.13\ 



Proof. Set 



X r : = {x : | V log \q(re(x + kaj))q(re((x + k+ l)w))| - (K + l)Z) r | > 5K), 

* A K 



k=0 



K 



and 



-f 

Jt 



Q r (x) = log \q(re(x))q(re(x + oj))\ - I log \q(re(x))q(re(x + cj))\ dx = log \q(re(x))q(re(x + oj))\ - 2D r . 



Note also that £to ^ = £±±, and 

K 1 K — k K 1 K — k 



t=0 



*=<) 



So 



— — log \q(re(x + kcu))q(re((x + k+ l)w))| - (K + l)D, 
K 



k=0 



> 5K 



<=> | V ^— -Q r (x + kco)\ > 6K, and < Q r >= 0. 



a=<> 



K 



Define S kA x ) - Yj k j=o Qr(x + jto), then 



2j -js-C2r(* + M = - 2j s*(jc). 



Set X ir := {x : \S kr (x)\ > 6K], then 



£ r c [J Xjt, r , mes (X,.) < ^ mes (X^,.). 



k=] 



k=l 



Note that 



fc-i r 
r = {x:\Y l log |<?(re(x + joj))q(re(x + (j + l)w))| - k I log |^(re(x))^(re(x + co))\dx\ > 6K). 



Thus,by Remark l2.13l 



T 



6K. 



mes X^,. = {x : \S k, r (x)\ > 5K = —k}) < exp{-c q —k) = exp{-c q 6K). 



Thus 



mes X r < K x exp(-c q 6K). 
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Theorem 2.15. There exists N(p, q, to) such that for any N > N, any 1 — j < r < 1 + j and 6 < 1 



mes ({jc : |i log \\T N (re(x))\\ - J N>r (E)\ > 6}) < exp(-c6 2 N), 



where c — c(p, q, u>). 
Proof. Set 



N 

Then 



, := f.v : \\- T \og\\T N (re{x))\\ - I J log \\T N (re(x))\\dx\ > 6). 



r -r £ {x : |— V u N (re(x + ku>))- < u N (re(-)) > | > -} [J{x : u N {re{x)) - — ^ u N (re(x + koj)) > -] 
A *=l 2 A *=i 

1 r (J 
|^J{x : u N (re(x)) - — ^ u N (re(x + koj)) < --} 



:= y , r (jY +(r (Jl! 
Set # = C 4 «V. By Lemma l2~T2l 



mes Yo, r < exp(-^<JX) = exp(-C4 x cd 2 N). 



We need to estimate mes Y ±>r . Due to part (2) of Corollary 12. 31 one has 

., c {x : KCi - J] log | 9 (ze((t - 1 + N)co))q{ze{{k + N)a>))\ > 



fc=0 



c {x : -*Ci + J] ^— ^ log | 9 (ze(fetf))«(«((* + l)<w))l < - 



Set C 4 < 4^-, then 



*Ci " 2 lo S l^ e « fe " 1 + N)co))q(ze((k + N)oS))\ > ^ 



k=0 

K-\ 



K-k 6N K 

=> > , log | 9 (ze((£ - 1 + N)co))q(ze((k + N)co))\ <-—=-—. 

k=o K 4 4C 4 

(2 - 9) Z ~ir~ log l?(ze((fc ~ 1 + ^m^k* + - Z 2 ~ir I log ^ r < x ^ dx 

k=0 m=0 ^ T 

K-k 

k=0 

< -4^- ( ^ +1) ^ 



Recall that 



Z) = max IDJ < +oo. 

l-?<r<l + S 



Let C 4 < to make -A- + D r — r > D > 0. Note that Cs r is also continue for r. Thus 

C5 = min C5 > 

1-S<r<l + ? ' 
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+ (K + l)D r = C 5 , r K + D, > C 5 K + D r > C' 5 K 



Then there exists C' 5 = C' 5 (p, q) > 0, s.t. 

K 

4C~ 4 

for any K. Thus Lemma [2.141 applies for 6 = CI, 

mes (Y +>r ) < Kexp(-c q x C' 5 K) = C A 6N exp(-c q xC' 5 x C 4 6N). 
As y exp(-£y) < for any y, £ > 0, 

c X C c x C 2 c x C 

mes(Y + , r ) < C 4 <«Vexp( — q — -^-xC 4 6N)xexp( — q —^xC A 5N) < ^exp( — q —r- J -X.C i 6N) < exp(-c M 6N), 

2. 2. Cq X 2. 

for N > N, where N depends on c M and CL i.e. = ^V(p, q, cd). Similarly, 

mes (Y_ ,.) < exp(-c p ^6N). 

So for N > N(p, q, cS) 

mes Y r < 2 exp(-c p ^6N) + exp(-C4 x c6 2 N) < exp(-cd 2 N), 
where c = c{p, q, at). a 

Remark2.16. (1) Recall that 

1 N ~ l 

u(z) = u N (z) - — ^ log \q(re(x + ncJ))q(re{x + (n + l)a)))\, < u N (z) =< u N (z) > -D r , 

see Oi l. By Remark l2~13l Theorem l2~T31 , for any N > N 

mes ({x : \u N (re(x)) - L N:I -(E)\ > 26)) < exp(-c q 5K) + exp(-c6 2 N) < exp(-4cd 2 N), 

where L Nr {E) = J Nr - D r . Hence for any N > N 

(2.10) mes (\x : \u N (re(x)) - L Nj (E)\ > 6}) < exp(-cd 2 N). 

(2) Once again let us note that the constants c, c here do not depend on 6. In particular, one can choose here 5 
depending on N. 

Lemma 2.17. Let 1 > p > and suppose u is subharmonic on A p such that sup ze/i ^ u(z) < 1 and ^ u(re(x)) dx > 0. 
Then for any r\ , r 2 so that 1 — § < r\, r 2 < l + f one has 

\{u{ne(-)))-{u(r 2 e(-)))\<C p \r x -r 2 \. 
Proof. See [GS1] Lemma 4.1. □ 
Remark 2.18. It is easy to see that this lemma also holds for u^iz) with C p - C p (p, q, u). Thus 



Jo 



u N (re(6))de - J N ,i(E)d9\ < C p \r - 1| 

Jo 

for any l-|<r<l + §. 



Lemma 2.19. For any N > N(p, q, oS) 

(2.11) ^log||r JV (e(jc),£)||</ JV ,i+C 6 (^)i, 
where C(, — C(,(p, q, co) and N is as in Theorem \2.15\ 



10 



KAITAO 



Proof. Let < 5 < \ be arbitrary. Note that e(x + iy) = e- Zxy e(x), I - % < I - < e~ Zny < 1 + < 1 + f , if 
\y\ < A 6 c , where C' = max(l, C p ) and e = exp(l). By Remark l2.18l one has 



(2.12) 
Set 



'I 



u N (re(0))d6 - J NA (E)d6\ < 5, if |y| < — — 
o \neC' 



i v : = [x : \iiN(e(x + iy)) - J^ 7 i\ > 26}. 



It follows from ( 12.121 that for |j| < holds 

My C {x : \u N (e(x + iy)) - I u N (e(8 + iy))d6\ > 6). 
Jo 

Due to Theorem |2. 15 l one obtains mes B v < exp{-c6 2 N). The function u N (e(x + iy)) is subharmonic, for e(x + iy) e A p . 
let xo be arbitrary and yo = 0. Then e(xo) eAs. Due to subharmonicity one has for any fo < f 

u N (e(x )) - J N ,i < —? ff [z<Ar(e(x + r») - J N ,{]dxdy 

Xt Q JJ|(. tJ )-(x„,0)|<f 



Furthermore 



I [i<Ar(e(x + /y)) - J^\]dx = 

J|a-a'o!< V'o-lyl 2 



■4 f f [Mjv(e(jc + iy)) - J N j]dxdy. 

nt J\ y \<t J\x-xo\< V^-M 2 

T + r ) 

J{\x-xo\< v^-m j i n b, J(ix-.t„i< v^-m 2 }\bJ 



Note that 



So 



|MAr(e(x + (y)) — I ^ 25, if jt £ B y and y < 



4enC' 



h\x-x \<^t 2 -\y\ 2 }\B v 

Due to Cauchy-Schwartz inequality 



X[u N (e(x + iy)) - J N j\dx 
.,x-x \<\lil-M 2 



<25x(2 A /f2-|y|2). 



f 

^{|a'-aoI< 



(iA'-.v i<V'5-M 2 )nBv 



< ^ J~ |Miv(e(jc + ry)) - J m | 2 Jxj (mes B v )~ < C 7 exp(-^5 2 A0 



Setf o=4^' then 



«jv(«(*))-/«;i < f [C 7 exp(-^tf 2 JV) + 25 x (2 Jf 2 - \y\^)]dy 

nt n J\y\<t I y 



1 c , 

< — - xC 7 exp(--5 2 A0x(2f o ) + 25 



_^exp(-VA0+25. 
o 2 



Set 5 = where C 8 > §. Then exp(-§C 8 log AO < I, and 

!**(«(*)) < + 8eC 7 C; x ( f )* x 1 + 2( Cgl ° gJV )* < + QC^) 2 
p CslogA^ N N N 
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Lemma 2.20. For any < x < 1 and any N > N holds 

log \\M N (e(x),E)\\ < NL N + C 6 (NlogN)i - NF N (x), 

where 

1 N ~ 1 

F N (x) = J7;J]Q( x + noj), Q(x) = log \q(e(x))q(e(x + oj))\ - 2D. 



,1=0 

Proof. 

N-\ 

2 



(2.13) log\\M lUN] (e(x),E)\\ = log\\T [lM] (e(x),E)\\ - )- ^ log\q{e{x + noj))q{e{x + (n + 1)oj))\ 

n=0 

1 N-l 

< NJ N (E) + C 6 (NlogN)i - - V log \q(e(x + noS))q(e(x + (n+ 1)oj))\. 

1 n=0 

Recall that 

J N (E) = L N (E) + D. 

Then due to ( I2.131 l one has 

log \\M N (e(x), E)\\ < NL N + C 6 (NlogN)± - NF N (x). 

a 

Remark 2.21. Note that Lemma l2.20l implies, in particular that NLm + C(,(N\ogN)? - NFn(x) > for any x for large 
N. 

Lemma 2.22. For any < x < 1 and any k > N holds 

|log \\M N (e(x + ho), E)\\ - log ||Miv(e(x))||| < 2kL k (E) + 2C b (N\og Np - kF k (x) - kF k (x + Noj). 
Proof. One has 

M N (e(x + koj), E)M k (e(x), E) = M k (e(x + Noj), E)M N (e(x), E). 

Then 

|log \\M N (e(x + k(o), E)\\ - log HM^(eW)H| < log \\M k (e(x), E)\\ + log \\M k (x(x + Noj), E)\\, 
because ||A _1 || = ||A|| > 1 if detA = 1. Due to Lemma |2T20l 

log \\M k {e(x), E)\\ + log \\M k (e(x + Noj), E)\\ < 2kL k (E) + 2C 6 (NlogN)^- - kF k (x) - kF k (x + Noj). 

a 



Remark 2.23. Due to Lemma I2TI 

u N (e(x),E) < log C(p,q) 

for any x e T, any N and any E. Similarly, 

|log \\M N (e(x + koj), E)\\ - log \\M N (e(x))\\\ < 2^(log C(p, q)-D)- kF k (x) - kF k (x + Nco) 
for any xeT, any N, any k and any E. 
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3. USING THE AVALANCHE PRINCIPLE 

Proposition 3.1. Let Ai, . . . ,A„ be a sequence of 2 X 2-matrices whose determinants satisfy 

(3.1) max IdetA,-] < 1. 

l<j<" 

Suppose that 

(3.2) min ||A;|| > u > n and 

l<j<n 

(3.3) max[log ||A ;+1 || + log - log \\A j+l Aj\\] < \ lo gy u. 

\<]<n I 



Then 



n—l n—\ 



(3.4) |log \\A n ■ A x \\ + J] log ||A ; || - £ log ||A; +1 A;||| < C- 

J=2 j=i V 

with some absolute constant C. 

Proof See[GS]. □ 

Remark 3.2. For the rest of the paper, we do not use e(x + iy) with y + 0. For that reason we write x instead of e(x) 
in all expressions. What's more, without special statement, N > N and N > K from now on(i5 in K will be defined in 
Lemma [3~8l ). 

Lemma 3.3. Let c be as in ( 12.701 ). Let L^(E) > 1005 > 0, where 6 < 1 is a constant not depending on N, and 
L 2N (E) > ^L N (E). Let N' = mN, m e N and m < exp(|5 2 7V). Then 

\L N ,(E) + L N (E) - 2L 2N (E)\ < sxp(-c'6 2 N) + ^-L N (E), 

9m 

where c' = c'(p, q, ai). If exp(yj,<S 2 A0 < m < exp(|(5 2 A0, we have 

(3.5) \L N ,(E) + L N (E) - 2L 2N (E)\ < exp(-cS 2 N), 
where c — c(p, q, co). 

Proof. By ( I2.10t . we have for < j < m - 1 

\u N (x + jNu), E) - L N (E)\ < 5 
\u 2N (x + jNa>, E) - L 2N (E)\ < 6 



for x e Gi, with 



Thus when x e 



2c 

mes (T\Gi) < 2m x exp(-c5 2 7V) < exp(-y5 2 7V). 



\\M N (x + jN(o,E)\\ > exp(N(L N (E) - 6)) > exp(-^NL N (E)), 



and 



(3.6) |log \\M N (x + jNco, E)\\ + log \\M N (x + (j + l)Na>, E)\\ - log \\M N (x + jNco, E)M N (x + (j + l)Na>, E) 

< 4NS + 2N\L N (E) - L 2N (E)\ < —NL N (E), 
Since < L N (E) - L 2N (E) < ±L N (E). One has 



M N >(x, E) = Y\ M N (x + (j - l)Ndj, E). 
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The avalanche principle applies for p = exp(jNL N (E)). Integrating over Gi one obtains 

(3.7) | I u N ,(x,E)dx+ I V u N (x + (J -\)Noj,E)dx- I T U2n{x + (J- \)Noj,E)dx\ < C— exp( — NL N (E)), 

Jgi Jg, Joi N' 2 

where TV' = m x AT. We want to replace here the integration over Gj by integration over T. Recall that due to (4) in 
RemarkP 

I u 2 n (E)dx < C(p, q) 
Jt 

for any n and any E. Hence, by Cauchy-Schwartz inequality 

(3.8) I J u K (E)dx\<C(p,q)Hmes B)* 

Jb 



for any 7f, any £ and any Bel Hence 



for any K and any E. Thus 
(3.9) 



u K {E)dx\ < C(p,q)-i exp(~5 2 N) 

T\Gi 3 



m-1 ~ m— 1 



a AI -(x,£')t/x+— I y u N (x+(j-l)Noj,E)dx I V u 2 N(x+(j-l)Nu>, E)dx\ < 4C(p,q)i exp{-^-6 2 N). 

T\G, m Jt\Gj ^2 m -'t\G, j=i 3 

Combining ( 13.71 ) with J3.9I ), one has 

|Ljv»(£) + ———Ln(E) - 2{m ~ l) L 1N {E)\ < AC(p,q)i exp(-U 2 N) + C^- exp(-^NL N (E)) < exp(-c'6 2 N). 
mm i N 2 

Thus 

(3.10) \L N ,(E) + L N (E)-2L 2N (E)\ < exp(-c'6 2 N) + -\L N (E) - L 2N (E)\ 

m 

< exp(-c'6 2 N) + -x±-L N (E) 

m 10 

< exp(-c'6 2 N) + -^-C"(p,q), 

45 m 

where C"(p, q) is the same as (4) in Remark fTTTI If exp( -^6 2 N) < m, then 

(3.1 1) \L N .(E) + L N (E) - 2L 2N (E)\ < exp(-c6 2 N). 



Now, we can prove 

Lemma 3.4. Let c be as in ( 12.701 ), c be as in Lemma [O] Assume that Ln (E) > 100(5 > and exp(-c6 2 No) < A, 
where 6 < I is a constant not depending on No, and L 2 n (E) > -^L No (E). There exists Nq = N (p,q,6,No) < 
(exp(|5 2 /Vo) + l)No such that for any N > No holds 

\L N (E) + L No (E) - 2L 2No (E)\ < exp(-c'6 2 N ), 

where c' — c'(p, q, u). Furthermore, 

(3.12) \L(E) + L No (E) - 2L 2No (E)\ < exp(-c6 2 N ), 

where c — c(p, q, co). 
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Proof. We first prove the second part. By lemma 1331 for N[ = mNo, exp(|o No) < m < exp(|5 No) + 1, one has 

(3.13) \L N[ (E) + L No (E) - 2L 2No (E)\ < exp(-cS 2 N ). 

and 

\L 2N[ {E) + L No (E) - 2L 2No (E)\ < exp(-c6 2 N ). 

In particular 

\L N[ {E) - L 2N[ (E)\ < 2exp(-c5 2 M>). 
Since < L No (E) - L2n (E) < jqL No (E), one obtains using ( I3.13l l 

L N[ (E) > L No (E) - 2(L No (E) - L 2No (E)) - exp(-c6 2 N ) > -L No (E) - exp(-cd 2 N ) > 795, 

and 

\L N[ {E) - L 2N[ (E)\ <2exp(-c6 2 N ) <26< ^L N[ {E) < ^L N[ {E). 



Set 5' = jS, then L N ^(E) > 1005', and Lemma|331applies for N' 2 = m x N' v exp(^6' z N[) <m x < exp(§5' 2 N;) + 1, 

\L N > 2 (E) + L N ,(E) - 2L 2Jv; (£)| < exp(-c6' 2 N[). 

Also 

L N >(E) > L N[ (E) - 2\L N[ {E) - L 2N[ {E)\ - zxp(-c8' 2 N x ) > —L^ (E) - 6exp(-c6 2 N ) > 795 > 1005', 

\L 2K _(E) + L N[ (E) - 2L 2N[ (E)\ < exp(-c5' 2 N[), 
\L K _(E) - L 2N ,(E)\ <2exp(-c6' 2 N[). 

Since N[ > SNo one has 

exp(-c6' 2 N[) = exp(-£-JV0 < (exp(-c5 2 M))) 2 < (— ) 2 . 

That implies, in particular 

1 

To 



\L N ^(E) - L 2N >(E)\ <2exp(-c6' 2 N[) <25< —L m (E), 

Then Lemma [331 applies for N' 3 = m 2 N' v exp(|5'^) < m 2 < exp(|5' z A^) + 1. E.T.C.. Obtain = m, 
exp(§5' 2 iVp < Mi < e,xp{ \8' 2 N\) + 1 with the same 5'. Then 

\L N; JE) + L N; (E) - 2L 2N; (E)\ < sxp(-c6' 2 N;), 
L N .JE) > L N[ {E) - 2\L N[ {E) - L m (E)\ - exp(-c5' 2 JV;) > \l No {E) - > 195 > 505 = 1005', 

7=1 

\L 2n; JE) + L N; (E) - 2L 2N; (E)\ < exp(-c6' 2 N;), 
\L N ,JE) - L 2N ,JE)\ < 2exp(-c5' 2 JV;), 

4exp(-c5' 2 ^V;)<(i) /+1 5, 

and 

\L n; JE) - L 2NL (E)\ < 25 < -^L N;+i (E). 

What's more, 

(3.14) \L N . M (E) - L N; (E)\ < \L NL (E) + L N; (E) - 2L 2N; (E)\ + 2\L N; (E) - L 2N; (E)\ 

< exp(-c5' 2 JV;) + 4exp(-c5' 2 ^!) < 5 expi-c^N'^), i > 2 
\L K (E) - L K (E)\ < 5 exp(-c6 2 N ). 
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Since L N > — > L(E) with i — > oo one has 
(3.15) 

\L(E) + L No (E) - 2L 2No (E)\ = \ J^iL^JE) - L N; (E)) + L N[ (E) + L No (E) - 2L 2No (E)\ 

i>l 

S>1 

= J] |L^ +] (£) - L w; (£)| + \L N £E) - L N[ (E)\ + \L N[ (E) + L No (E) - 2L 2No (E)\ 

s>2 

< Y 5 exp(-c<J' 2 ^ 1 ) + 5 exp(-cd 2 Na) + exp(-c6 2 N u ) 

s>2 

< exp(-c6 2 No). 

That finishes we second part. We prove now the first part. Note that just as in ( 13.151 ) one obtains 

(3.16) \L N ,(E) + L No (E) - 2L No (E)\ < exp(-c<J 2 AW 

for 2 > 1. Let N > No :- N[ be arbitrary. Find i such that N'. < N < N' i+V Recall that 

N\ = m^NU, exp( ViV^) < < exp^' 2 ^) + 1, 



N' M = mtN'i, expi-d' 2 ^) < ny < expi-S' 2 ^) + 1, 
o o 

here Nq :- Nq for convenience. Consider two cases: 

(1) N < exp(|5' 2 ^ 1 )A?;_ 1 . In this case < ^ < exp(-|<J' 2 ^ 1 ). Then find m, m M < m < exp(|5' 2 A^j), 
such that 

mN\_ x <N <{m+ l)N-_ v 

Then by Lemma [3~3l 

(3.17) \L, mu (E) + L NU (E) - 2L 2NU (E)\ < expi-c^N'^). 
Note that 

N-mN'i^ <N-_ U 

and by Remark [2.23l 

|log \\M N (x, E)\\ - log \\M mu (x, E)\\\ < log \\M N -mN>_ x (x + mN'^oj, E)\\ 
< A^log C(p, q)-D)-(N- mN' i _ 1 )F N - mu (x + mN^co). 

We know that 

mes ({x : \kFk(x) — k < F^x) > \ > kS}) < exp(-cdk) 
for any k. Since < Fk >= 0, then 

(3.18) \log\\M N (x,E)\\-log\\M mu (x,E)\\\ < N' i _ 1 (logC(p,q)-D)+N' i _ 1 

< C'(p,q)NU, 

if x $ B, mes B < expi-cN! l ). Integrating d3.18t over T\B and using d3.8l l, one obtains 

mN'. , N'. . c , 

(3.19) \L N {E)-—^-L mNU {E)\ < C'(p,q)-j^+2C(p,q)2Xexp(--N' i _ 1 ) 

< C'(p,q)exp(-^S' 2 N' i _ l ) + 2C(p,q)ixexp(-^N' i _ l ) 

< expi-c^N'^). 

Note that 

mN' N- mN' . N' c , 

1 — = — < — < exp( — 6 N: ,). 

N N N 8 !_1 
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Thus 

(3.20) \L N (E) - L, mli (E)\ < exp(-c 2( J' 2 ^ 1 ). 
Combining ( 13.17b with ( 13.20b . one obtains 

(3.21) \L N (E) + L NU (E) - 2L 2NU (E)\ < exp(-c 3 5 2 ^ I )■ 
(2) N > exp(|5' 2 ^ I )^ I . Find m' such that 

fh'N'i < N < (in' + l)Nj . 

Thus 

expCjgiVy exp(§<5' 2 /y^) 1 c 
m > r- 2 — — < —~ - J — = - exp(-6 N ,). 

exp(f^;_ I )+l 2exp(|5' 2 ^ 1 ) 2 F 8 

Since N < N' j+V then m' < w,. It implies due to Lemma [3~4l 

(3.22) IW(^) + Ln'XE) ~ 2L 2N ,(E)\ < exp(-c'<5' 2 /V;) + -^L N .(E). 

9m' 

As in Case (1), one has 



(3.23) \L N (E) - L tJM (E)\ < C [ P ' q) < exp(-c 4 <J' 2 ^ 1 ). 

Combining ( 13.22b with ( 13.231 1. one obtains 

(3.24) \L N (E) + L N; (E) - 2L 2N; (E)\ < exp(-c 5 <J' 2 ^ 1 ). 
Combining ( 13.16b with ( 13.21b or ( 13.241 ), as in ( 13.151 ). one obtains 



\L N (E) + L No (E) - 2L No (E)\ < exp(-c'<J 2 /V ), 



where c' — c'(p, q, ai). 



Lemma 3.5. Assume L(Eq) > 0. There exists C(p, q, Eq) such that with p' (Eo, N) = exp(-C(p, q, Eq)N), one 

L(E Q ) 

\L N (E )-L N (E)\<-^, 

for any \E — Eq\ < p' () (Eo, N) and any N. 
Proof. Note that 

(3.25)\\\T N (x,E )\\-\\T N (x,E)\\\ < \\T N (x, E ) - T N (x, E)\\ 

N-l 

< Yj(\\B(x + (N - \)u>, fib) x ■ ■ ■ x B(x + (j + 1)0), E )\\ x 

7=0 

\\B(x + jo, E ) - B(x + jo), E)\\ x \\B(x + (j - 1)oj, E) x ■ ■ • x B(x, E)\\) 

< NC&qf-^Eo-El 

see (1) in Lemma |2~T1 By (11.41 ). one has 



N-\ 



(3.26) \\\M N (x,E )\\-\\M N (x,E)\\\ = F[ l - T \\\T N (x,Eo)\\-\\T N (x,E) 

„ = o \q(x + nu>)q(x + (n + l)<y)|5 



NC(p,qf- l \E -E\ 



nlo' \l( x + nco)q(x + (n + 
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Assume for instance that \\M N (x, E )\\ > \\M N (x, E)\\. Then 

nvn I, na , r? \\\ , lu ~, , , \\Mn(x,E )\\ \\M n (x,E )\\-\\M n (x,E)\\ ^ 
(3.27) log \\M N (x, E )\\ - log \\M N (x, E)\\\ = log —z— — — = log(l + — — — — ) 



\\M N (x,E)\\ 
\\M N (x,E )\\-\\M N (x,E)\\ 
\\M N (x,E)\\ 
NC(p,g) N - 1 \E l) -E\ 
\l( x + nco)q(x + (n + l)u)\i 



\\M N (x,E)\\ 
< \\M N (x,E )\\-\\M N (x,E)\\ 



Due to (1) in Remark |2.13| for any S and any K 



X- 1 1 

mes ({x:\y~ log \q(x + ku)q(x + (k + l)u))\ - K < - log \q(x)q(x + aS)\ > \ > 6K\) < exp(-c q 6K). 



k=\ 



Thus 



(3.28) 



k=0 



^ log \q(x + ka))q(x + (k + l)(o)\ 



1 800C(p,q)-- 
< N\<- log \q(x)q(x + eo)\>\+ W ' H ' N 

2 L(Eo)c q 

800C(«,fl)2 
= \D\N+ N = C(q,p,E )N, 

L{E Q )c q 

i _ i 

if x g Bi, mes Bi < exp(-c 9 x 8Q ^ P ) ^ ) " N) = exp(- & °°^^f 1 N), where constant C(p,q) comes from (4) in Remark 
[Ell The same estimate holds if \\M N (x, E )\\ < \\M N (x, E)\\. So 

(3.29) llog \\M N (x, E )\\ - log \\M N (x, E)\\\ < NC(p, qf^Eo - E\ exp(C(p, q, E )N) < exp(C(p, q, E )N)\E - E\, 



if jcgBi, mesBi < exp(- ^f N). Sstp' Q = ^ exp(-C(p, q, E )N). Then, if \E - E \ <p' , 

L(E ) 



\og\\M N (x,E )\\-\og\\M N (x,E)\\ < 



ifxiBu mes Bi < exp(- m ^'f 1 N), 



(3.30) 

Due to <ET8l 



f log\\M N (x,E )\\- f log||M w (*,£)|| 

Jt\Bi Jt\b, 



200 ' 



UE Q ) 
200 ' 



i 400C(p,q)-- 
u N dx\ < C(p,q) 2 exp( t/t ^ N) 



UEq) 



for E or Eq. As y exp(-£y) < £ 1 for any y, £ > 0. Thus 
(3.31) 



. L(£ ) ^ I<£ ) 

400JV 400 



for £ or £o- Combining ( 13.301 1 with ( 13.31| l, one has 



\t rv^ r (vs\, L(E a ) L(E ) L(E Q ) 

\L N (E ) - L N (E)\ < ttttt + 2 < 



200JV 400 



100 



Lemma 3.6. Assume L(Eo) > 0. There exists p' — p' (p, q, Eq, oj) > and No — No(p, q, Eq, to) < +oo such that for 
any N > Nq and any \E - Eq\ < p' 

\L N (E) - L(E)\ < 2q£(£), y^^C^o) > UE) > ^L(E ). 
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Proof. One has lim^oo L(Eq) — L(Eq). Therefore there exists No = No(p, q, to, Eo) s.t. \L h (Eq) - L[Eq)\ < for n > 
No(p,q,cj,E ). It implies that L m (E ) - L 2No (E ) < as L(E ) < L 2No (E ) < L No (E ). Set 5 = min(^L(E ), \). 
We can assume also that exp(-c6 2 No) < yj, exp(-c5 2 No)) < ^IXEo) and exp(-c'6 2 No)) < jyL(Eo), where c is as in 
Lemma [3~3l c and c' are as in Lemma [3~4l Using Lemma |3~5l applied to A^o and 2No. One has for \E—Eq\ < p' Q (Eo, 2No) 

L(E ) L(E Q ) 49 

(3.32) L No {E) > L(E ) - \L No (E) - L No (E )\ - \L No (E Q ) - L{E )\ > L(£ ) - -j^ - = ^L(E ), 
and 

(3.33) \L No (E) - L 2No (E)\ < \L No (E) - L No (E )\ + \L No (E ) - L 2No (E )\ + \L 2No (E ) - L 2No (E)\ 

L(E ) L(E ) L(E ) 3 1 

< 1 H = M^o) < — LmJE). 

100 100 100 100 10 

Thus Lemma [3~4l applies for Ln {E), 5, No and E, then there exists No = No(p,q,6,No) < (exp(|5 2 A r o) + l)No such 

that for any N > No holds 

\L N (E) + L No (E) - 2L 2No {E)\ < exp{-c' 5 2 No), 

and 

(3.34) \L(E) + L Nq (E) - 2L 2No (E)\ < exp(-c6 2 N ), 



where c' = c'(p, q, to) and c = c(p, q, to) are as in Lemma 1331 These imply 

(3.35) \L(E) - L N (E)\ < exp(-c'6 2 N ) + exp(-cS 2 N ) < ^L(E ) + ^L(E ) = ^U.E ). 
Combining ([3321 . d3~33l with ([3341 . one obtains 

(3.36) \L(Eo)-L(E)\ < \L(E) + L$ (E) - 2L 2 * (£)| + \L(E ) - Lf, (E)\ + 2|L# (£) - L^ (E)\ 

11 3 1 

< —L(E ) + —L(Eo) + 2 L(Eo) = —L(E ). 

50 50 100 10 

It implies 

(3.37) I7j L(£o) > UE) > ^ L(£(,) ' 
and 

\L(E) - L N (E)\ < ^L(E ) < ^ x ^-L(E) = ^L(E) < — L{E). 

□ 

Lemma 3.7. Assume L(Eq) > 0. Let p' be as in Lemma |X6l Fix any < k < 1. Let K — ^N. Then for there exists 
N\ s.t. N > N\ and for any E e (Eo - p' ,Eo + p' ) holds 

1 r 

mes {x : \un(x, E) > un(x + kco, E)\ > kL{E)} < exp(-c" kL(E)N), 

K ti 

where constant c" depends only on p, q, to, but does not depend on Eq or E or k. The number N\ depends on p, q, co,Eo 
and k. 

Proof. Choose A^o s.t. 

n ™ a ^ , 800(logC(p,g)-D) 20C 6 1 

(3.38) N > max( TTrE~\ ' "TFTFT' ' ~' N °> 

k z L(E ) k 1 L{Eo) k 

where (log C(p, q) - D) is as in Remark |2.231 C(, is as in Lemma |2.191 ^Vo is as in Lemma [3T6l Thus 

(3.39) L K (E) < (1 + ^)L(E), 
for any K > Nq and any E € (Eo - p' Q , Eq + p' Q ). Finally, we assume that 

(3.40) logK<K*, 
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if K > Nq. Using Lemma [2.22| and Remark |2.23| one obtains 

\u N (x,E)--Y j u N (x + ka),E)\ < —[^2k(\ogC(p,q)-D)+ ^ 2kL k (E) + J] 2C 6 (*log*)*] 

k=\ k=\ k=N a +\ k=N a +\ 

1 K 

-—Y, (kFk(x)+kFk(x+Nco)) 



= (I) + (11). 

Take here N > N%, K = ±N. Note that N K > 1, so K = ±N > ^ > # . Thus, 0391 ) and (13740b holds. One has 

(3.41) (/) < ^CtogC(p, g )-ll) 21 £ C^qogJQi 

v 7 w X7V 20 N A? 

< h -L(E) + < -kL(E), 

20 4 20 2 



see ( f338T >. ( f339b . ( fX40l > and Lemmal3~6l If 

^kF k (x,E) < - 
k=\ 



Y^kF k (x,E)<-— K L(E), 
then 

A 7 

3&, sX kF k (x,E) < -—kL(E). 

We know that 

mes ({x : \kF k (x) - k < F^(x) > \ > k6}) < exp(-cdk), 

Since < F k >= 0, then 

N N NkL(E) 

mes({x : kF k (x) < kL{E)}) < mes({jc : \kF k (x)\ > —kL{E) < exp(-c k) — exp(-c 2 KNL(E)). 

4 4 4k 

So 



mes{x : J^kF k (x) < L(E)} < K exp(-c 2 KNL(E)) = K exp(-c 2 20KL(E)). 

k=\ 

Sine y exp(— %y) < g for any y > 0, one has 
K KN 

(3.42) mes {x : ^ kF k (x) < — -r-L(E)} < K exp(-c 2 20KL(E)) = Kexp(-c 2 lOKL(E)) exp(-c 2 lOKL(E)) 



4 



' ■ exp(-c 2 10KL(E)) = - exp(-— kL(E)N) 



10c 2 L(£) r 10c 2 L(£) 2 

< exp(-c^L(£')A r ), 

if Af is large enough depending on L(Eq) and k (see Lemma [3~6l and ( 13.381 )). Combining d3.41t with d3.42| ) one has 

1 K 

mesjx : \un(x, E) > u^{x + ja>,E)\ > kL{E)} < 2exp(-c' 2 KNL(E)) < exp(-c" 'kL(E)N), 

where constant c" depends only on p, q, a>. □ 

Lemma 3.8. Assume L(Eq) > 0. Let p' () be as in Lemma WM N\ be as in Lemma 1X71 with k = 4*. Then for N > N\ and 
any E e (Eq - p' q ,Eq + p') holds 

L(E) 

mes{x : \u N (x,E) - L(E)\ > -^-} < exp{-cL(E)N), 
where constant c depends only on p, q, a>, but does not depend on E or Eq. 
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Proof. Due to Remark |27T3l for K > K holds 

K 

mes {x : | ^ u^ix + ka>, E) - K < Un(-, E) > \ > 6K} < exp(-cdK), 



k=\ 



where c = c(p,q,to). Set 5 = Thus K = jt(p,q,a),E ). Due to Lemma [3761 !#(£) < (1 + if TV > # , 

where iVo is as in Lemma [3751 Note that if 



then 



1 K 

i — > SaK* + ktu, E)- < un{-, E)>\<8, 
K ^— ' 



1 X 1 X 1 

| - J] + M E) - L(E)\ < ~ u "( x + M £ ) - + l L ^ £ ) - L ( £ )l < 5 + 



7=1 7=1 



Therefore 



mesjx: {-J^u^x + ja),E) - L(E)\ > —L(E))<exp(-^L(E)K). 

7=1 

Let K = ^ as in Lemma [3771 with k = 4r. Then for N > N\ holds 

1 ^ L(£) c" 

mes{jc : | - — 2^ u N (x + fej,.E)| > -^-) ^ exp(-— L(£)tV). 

Recall that yV, > N Q with # = ^(see d3"738l l). Let N >N\. Then 

mes{* : |fi w (*,£) - L(£)| > < eX p(- ^^L(E)N) + exp(-—L(E)N) < exp(-c 4 L(£)7V), 

Q depends only on p, q, u>. Here we replace c\ by c for convenient notations. □ 

Lemma 3.9. Assume L(Eo) > 0. Let p' be as in Lemma U^6\ Ni be as in Lemma 175771 with k — c be as in lemma \3^8\ 
Let N > N\ and E e (E - p' , E + p' {) ) be arbitrary. Let N' - mN, m e N and exp(j^L(E)N) < m < exp(^L(E)N). 
Then 

(3.43) \L N ,{E) + L N (E) - 2L 2N (E)\ < exp(-c 6 L(E)N), 

where C(, — c^ip, q, co). 

Proof. Let Gj = \x : \u N {x + jtoN) - L(E)\ < ±L(E)} f]{x : \u 2N (x + juN) - L(E)\ < ±L(E)}. By Lemma [3781 
mes(T\Gj) < 2 exp(-cL(£)A0 for any j. Set G = f\o<jim-i ®j- Then mes (T\G) < exp(-?§L(E)N). One has 



\\M N (x + jNcj, E)\\ > exp(—NL(E)), 



and 



(3.44) | log \\M N (x + jNcj, E)\\ + log \\M N (x + (j + l)Na>, E)\\ - log \\M N (x + jNco, E)M N (x + (j + l)Nco, E)\\\ 

< —NL(E) + —N 
10 10 

for any x e G, < j <m. One has 



< -^NL(E) + -^NL(E) + -^2NL(E) = ^NL(E), 



1 

M N ,{x, E) = Y\ &n(x + (j - 1)Noj, E). 
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If x G G, the avalanche principle applies with jj. - exp(-^NL(E)). So 



m 9 
< C- = Cmexp(-—NL(E)). 
p 10 



log \\M N ,(x, E)\\ + J] log \\M N (x + (j - l)Na>, E)\\ - £ log \\M 2N (x + (j - l)Nco, E)\\ 
Dividing by N' and integrating over G, one obtains 

r i r m_ ' 2 r m ^ 

(3.45) | I u N ,{x, E)dx + — I V u N (x + (J - l)Nco, E)dx V S 2 ;v(x + (j - l)N(o, E)dx\ 

Jg "i J t-i mj *-t 



j=2 ^ u j=\ 

9 

, _c Cexp( 7 

TV' rv 10 F 10 



m y y 
< C— exp{-—NL N (E)) < C exp(-—NL N (E)) 



Due to (08 



7t\g 
for any ^. Thus 
(3.46) 



( fijft/xl < C(/?, ^r)3 exp(-^L(E)N) 

Jt\( 



i r m_1 2 r m_1 c 

UN>(x,E)dx-\ — I > tiff(x + jNco, E)dx I > &2w(jc + jNco,E)dx\ <4C(p, q) 1 exp( — L(E)N). 

T\G m JT\G ^ m Jt\G 3 

Combining ( 13.461 with ( 13.451 . one has 

\L N ,(E) + ^—1l n {E) - 2(m ~ l) L 2N (E)\ < AC{p,qY &xp(- C -L(E)N) + C exp(-^-NL(E)) < exp(-c 5 L(E)N). 
m m 3 10 

As exp(j-L(E)N) < m, then 

(3.47) \L N ,(E) + L N (E) - 2L 2N (E)\ < exp(-c 6 L(E)N), 

where = C(,{p, q, oj). a 

Lemma 3.10. Assume L(Eq) > 0. Let p' Q be as in Lemma I3T6] N\ be as in Lemma [3771 with k — Let N > N\ and 

E e (Eq — p' Q , Eq + p' Q ) be arbitrary. Then 

(3.48) \L(E) + L N (E) - 2L 2N (E)\ < exp(-cL(E)N), 
where c — c(p, q, oj). 

Proof. By Lemma l3~9l for N' = mN, with m e N, exp(f NL(E)) <m< exp(|/YL(£)) + 1, one has 

\L N ,(E) + L N (E) - 2L 2N (E)\ < exp(-c 6 L(E)N), 

and 

\L 2N ,(E) + L N (E) - 2L 2N (E)\ < exp(-c 6 L(E)N). 

In particular 

\L N ,{E) - L 2N ,(E)\ <2exp(-c 6 L(E)N). 

Pick exp(|iVL(£)) <m x < exp(f NL{E)) + 1. Set N[ = m x N. Similarly define N' 2 = m 2 N\, i.e. with N\ in the role of 
N. E.T.C., obtain N' s such that 

\L N . (E) + L K (E) - 2L 2K (E)\ < exp(-c 6 L(E)N',), 
\L 2N >JE) + L K (E) - 2L 2K (E)\ < exp(-c 6 L(E)N' s ), 
\L N , (E) - L 2N , +i (E)\ < 2 exp(-c 6 L(E)N' s ). 
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One has L N ^(E) — > L(E) with s — > oo. So 
(3.49) 

|L(£) + L N (E) - 2L 2N (E)\ = | X/ L ^ +1 < £ > ~ L ^ £ » + L "l < £ > + L ^ ~ 2l 2n(E)\ 

s>1 

\Ln' m (E) - L N >(E)\ + \L N ^{E) + L N (E) - 2L 2 n(E)\ 

s>1 

< 5 exp(-c 6 L(£)A?;_ 1 ) + 5 exp(-c 6 L(E)N) + sxp(-c 6 L(E)N) < exp(-c 7 L(E)N). 

s>2 

Here again we change c 7 by c for convenient notations. 

4. PROOF OF THE MAIN THEOREM 

Proof of Theorem[L2\ Assume \\M N (x, E)\\ > \\M N (x, E')\\, then 

, \\M N (x,E,a>)\\ \\M N (x,E)\\-\\M N (x,E')\\ ^ 
= log — — — - — - = log(l + ---- — — ) 



(4. 1) llog \\M N (x, E)\\ - log \\M N (x, E') 



\\M N (x,E',u) 
\\M N (x,E)\\-\\M N (x,E') 
\\Mn(x,E)\\ 
\\T n (x,E)\\-\\T n (x,E')\\ 

Un=o W( x + nu)q(x + (n + l)w)|? 

\\T N (x,E)-T N {x,E')\\ 
Y\„=o W(x + no))q(x + {n + \)o))\l 



\\M N (x,E)\\ 
< \\M N (x,E)\\-\\M N (x,E') 



One obtains 



(4.2)||r w (x, E) - T N (x, E')\\ < Yj(\\B(x + (N - V)io, E) X ■ ■ ■ X B(x + (j + l)a>, E)\\ x 

7=0 

\\B(x + jco, E) - B(x + jco, E')\\ x \\B(x + (j - l)w, £') X • • • X B(x, E') 

N-l N-j 

= Y||]~[.B(x+(/V-m)w,£)||x|| Y\ B(x + maj,E')\\ x \E - E'\. 



j=0 m=l 

Combining (14. U . ( 14.2b and Lemma 12.201 then 



m=j-l 



(4.3) (ED < ^||]~[B(jt + (iV-m)tt,£)||X|| ]~[ B(x + », E')\\ x exp(-JVD) x |£ - E'\ 

m=j-1 

N-l . 

^ - log |#(x + ncJ)q(x + (n+ 1)lo)\ + 

) 

o 

^ || ]~~[ B(x + (N— m)a>, E)\\ x || ]~[ B(jc + ma>, E')\\ x exp(-ND) x exp(-NF N (xy) x |E - £"| 



7=0 m= 1 

' N-t 

x exp 

v n=o 
N-l N-j 



7=0 m= 1 

Combining ( I3.351 l with ( 13.37b . one has 



m=j-l 



(4.4) 



L*(£) < L(E) + j^L(E ) < ^L(E ) + ^L(E ) = ^L(E ) 



for any N > No and any E e (Eq -p' , Eo + p' ), where No and p' Q are as in Lemma [3~6l Let N > N2 := 2 log ^^ > D vVo > 
2No and E, e (Eq - p' Q , Eq + p' Q ), where (log(/?, q) — D) is as in Remark l2.23l No and p' Q are as in Lemma [3~6l Due 
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to Lemma [2. 201 and Remark |2.23l one has 
(4.5) 

' N N-N N \ N-j 

(147Tb < Y+ Y + ^ ||]~[/3(x + (jV-m)w,£)||x|| ]~[ B(x + bw, £")|| x exp(-ND) 

J=l j=N +l j=N-N +l) '"=1 m=j-l 

xexp(-NF N (x))x \E-E'\ 

v 2 ! / - 57 logJV i \ /57 logJV . > 

2 2 j exp \(l og C(p,q)-D)N + — L(E )N + C 6 (-^-)i -D + ^ eacpl— i(£oW + 2C 6 (-^-)« -2) 

X exp(-/VfV(jt)) x |£-£"| 

#i /l 57 logJV i \ 

< 2j exp^-L(£ )^V + ^U.E )N + 2C 6 (^ r )^ - Dj x exp(-NF N (x)) X \E - E'\. 

There exist N3 = Nj,(p, q, Eq) s.t. for any N > Nj, holds 

N 



/82 logJV i \ 

2^ exp^— LiE )N + 2C 6 (-2 r )^ -Dj < exp(2L(E )N). 



7=1 

It implies that for any yV > max(N 2 ,Ni) holds 

gj) < exp(2L(£ )AO X exp(-NF N (x)) x\E- E'\. 

It is obvious that 

( l4~Tb < exp(2L(£ )AO X exp(-NF N (x)) x\E- E'\, 
when \\M N (x,E,co)\\ > \\M N (x,E'co)\\. Set 

B := {x : NF N (x) < -NL(E )}, 

then 

mes (B) < mes ({x : \NF N (x) -N <F N >\> NL(E )}) < exp(-cL(E Q )N), 
since < F# >= 0. It implies 

d4~TT ) < exp(3L(£ o )A0IS - if x e B. 

Due to (13. 8I >, one has 

(4.6) |L^(£) - Ljv(-E')! = I |S/vK*> — u^(x, E')\dx + I |S^(x, E) - &n(x, E')\dx 



J\un(x, E) — &n(x, E')\dx + I | 
T\B Jl 



< exp(3L(E )N)\E - E'\ + 2C(p, 9 )i exp(-|z.(£ W- 
Let N > N4 :- max(Ni , N 2 , N3), where yVi is as in Lemma lBTTl Due to Lemma l3~T0l 

(4.7) \L(E) - L(E')\ < \L(E) + L N {E) - 2L 2N (E)\ + \L(E') + L N (E') - 2L 2N (E')\ 

+\L N (E) - L N (E')\ + 2\L 2N (E) - L 2N (E')\ 

< 2 exp(-c 6 L(E )N) + 3 exp(6L(E Q )N)\E -E'\ + 3C(p, qp exp(~L(E )N) 

< exp(- Cl L(E )N) + 3 sxp(6L(E )N)\E - E'\, 

where c 7 = c 7 (p,q,cj). Set p'^ = exp(-(6 + cj)L{Eo)N4), and po = min(py, ^-). Then for E,E' e {Eq - po,Eo + po), 
there exists N > N4 such that 

exp ( - (6 + c 7 )L(E )(N + 1)) < \E - E'\ < exp ( - (6 + c 7 )L(E )N). 
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It implies 

(4.8) \L(E) - L(E')\ < 4exp(-c 7 L(£ )A0 = 4exp( - JL. Cl L(E )(N + 1)) < 4exp( - ^c 7 L(E )(N + 1)) 

< exp(-^-L(E )N)<\E-E'f, 
where /3 = n +2c 7 ' on ty depending on p, q and ai. By dl.9l l, one also has 

\J(E) - J(E')\ = \L(E) - L(E')\ <\E- E'f. 

□ 
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